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ABSTRACT: We use results on polymer absorption obtained from a recent mean-field theory with two
order parameters to interpret numerical results of the Scheutjens and Fleer approach. An extension of
the analytical theory accounting for the local swelling of the polymer is also presented and discussed.

I. Introduction

When a polymer solution is brought into contact with
an adsorbing wall, the monomer concentration rises at
the wall and relaxes toward its bulk value over a
distance of the order of one bulk correlation length &.
The adsorbed polymer usually remains attached to the
wall after cautious rinsing of the bulk solution.® Poly-
mer adsorption is widely used in technological applica-
tions such as adhesion, lubrication, stabilization, or
controlled flocculation of colloidal dispersions.? Adsorp-
tion on natural or biocompatible substrates also plays
an important role in medicine.

The adsorbed polymer layer can be described in terms
of loop and tail size distributions.® In some of the
applications it probably is sufficient to cover the surface
with a soft polymer layer whatever its detailed struc-
ture; this is true to some extent for colloidal stabiliza-
tion. On the other hand, polymer loops dangling from
the surface into the solution may entangle with free
chains, and the coupling between the bulk and the
interface is certainly sensitive to the loop size distribu-
tion.# In a similar way loops and tails do not penetrate
equally well into a rubber; the relative size of loops and
tails should be important in the adhesion between a
solid and a rubber mediated by a polymer layer.> The
details of the layer structure also certainly matter in
biological applications when recognition processes are
involved.

Global measurements on adsorbed polymer layers
such as the determination of the adsorbance I' (total
amount of polymer linked to the surface) or of some
moment of the concentration profile (by means of
scattering techniques, flow experiments, or optical
experiments) are now standard though not always easy.
Very recently more detailed information on the shape
of the concentration profile (by neutron scattering or
neutron reflectivity experiments) and on the bound
monomer fraction (by NMR and IR spectroscopy experi-
ments) has been obtained. There is also some evidence
of the loop structure from AFM investigations.67 A
review of the experimental work is found in a recent
monograph by the Dutch group.?
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Since the seminal work of Silberberg,® many theoreti-
cal papers have been devoted to polymer adsorption. At
the mean-field level, numerical methods have been
worked out by the Dutch group for various polymeric
systems.2103 They have obtained detailed concentration
profiles for the loop and tail contributions.® The exter-
nal part of the layer is mostly built up by the tails,
whereas close to the wall the monomers mainly belong
to loops. Analytical mean-field calculations have been
essentially performed in the so-called ground state
dominance approximation. A more detailed calculation
has been proposed recently that distinguishes between
loops and tails and covers the entire concentration range
from dilute to concentrated solutions.!!

For neutral flexible polymers adsorbed onto a solid
wall, a theory has been constructed beyond the mean-
field level;12 this theory is based on the analogy between
the partition function of a self-avoiding chain and the
correlation function of a magnet in the zero component
limit, first recognized by de Gennes.® This analogy
links the physics of infinitely long chains to critical
phenomena and gives a basis to the so-called scaling
analysis that successfully predicts the main qualitative
features of polymer adsorption.’* A scaling argument
due to de Gennes shows that the overall concentration
profile falls off the wall as c(z) = z7#3, in contrast to
the mean-field prediction c(z) = z=2. More precisely, one
distinguishes the proximal region closest to the wall, of
thickness D = 671, where ¢ is the adsorption strength,
the central region where the power law profile is
expected over about one correlation length & (in the
dilute regime & merges with the swollen radius R), and
the distal region where the concentration relaxes expo-
nentially toward its bulk value. The loop size distribu-
tion inside the polymer layer (central region) has been
predicted first by de Gennes, assuming that the con-
centration is mainly due to loops, as D(n) = n1155,

Recently, it was argued that, in the dilute regime, this
approach only applies in the very vicinity of the adsorb-
ing wall,’>1! tails being dominant beyond a distance z*
=~ Nd-1); here d is the space dimension. The interme-
diate length scale z* is the only length scale in the
central regime where the concentration can be written
in a self-similar form, c(z) = z*=*3f(z/z*). The z=*3 power
law is only valid asymptotically on either side of z*. The
mean-field calculation suggests that the amplitude A
(in c(z) = Az=*3) at large distances (z > z*) is larger than
that at small distances (z < z*) by a factor of order 10
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and that the region z = z* where neither of the
assymptotics is accurate is broad.!!

Scaling theories have also been proposed for more
concentrated solutions. Marques and Joanny have
proposed a qualitative picture with two characteristic
concentrations!® above the overlap concentration: ¢; =
N~23, where the polymer chains start to build up large
loops dangling out of the adsorption layer, and ¢, =
N~#7, where the adsorbance starts to be dominated by
the large loops and tails.

Subsequently Daoud and Jannink?!? proposed that the
adsorbed layer thickness is not the radius of gyration
but a new length, 1 = N¢®*4, that crosses over smoothly
from the bulk correlation length & at ¢; to the radius of
gyration of the chains in the semidilute solution R at
¢> as the concentration is increased. We recently
showed!! that this length rather corresponds to the
crossover length z*. At the same time, Guiselin!®
worked out more details of the concentration profile and
tried to distinguish between loops and tails using a free
energy based on an approximate mixing entropy of the
loops. This kind of theory in general approximates the
susceptibility exponent v in a rather uncontrolled way.
An example is given below.

The mean-field theory is not expected to give the
correct qualitative picture in the sense that it becomes
increasingly bad when the length of the swollen chain
diverges. Nevertheless, mean field is accurate under
so-called marginal solvency conditions where the ex-
cluded volume is weak, VN¥2 < 1, a situation that is
not unusual in experiments. Besides, a mean-field
theory is well suited for concentrated solutions where
the adsorbance is dominated by the large loops and tails
outside the adsorption layer; these loops follow overall
Gaussian statistics, and one merely has to correct for
the local swelling at the scale of the bulk correlation
length. The adsorption from such concentrated solu-
tions has often been used recently as a first step to
obtain a so-called pseudobrush by subsequent dilution.?®

From a more formal point of view, mean field becomes
qualitatively correct in four dimensions, where the
excluded volume interaction is only marginally relevant.
We thus expect that most of the important features of
the adsorption profile have a mean-field analog (this is
not always true: the rather subtle proximal effect
pointed out by Eisenriegler, Binder, and Kremer2® has
no mean-field equivalent). Mean-field calculations con-
tain the length scales of interest, agree with the scaling
predictions formulated for four dimensions, and give
some indication on how fast these (asymptotic) laws are
approached.

The analytical and numerical mean-field approaches
are complementary. The analytical approach is more
comprehensive in the sense that it gives simple asymp-
totic laws for most of the parameters of interest; it also
gives some insight into the physical mechanisms in-
volved. The numerical approach allows the incorpora-
tion of more details of the free energy and is thus more
accurate for polymers of finite molecular weight. The
main aim of this paper is to explicitly compare recent
analytical mean-field results to numerical mean-field
results, in order to unify as much as possible the
descriptions developed by our two groups (and others).

We first recall the main analytical results obtained
recently!’® and the physical content of the so-called
Scheutjens and Fleer numerical approach (section I1).
The analytical results are then used to interpret the
numerical mean-field results from the Dutch group
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(section I11). We finally propose an extension of the
analytical mean-field theory to the self-avoiding chain
limit.

Il. Mean-Field Theory

1. Two-Order Parameter Theory. An analytical mean-
field theory has been recently proposed!! that accounts for both
loop and tail monomers of adsorbed and free chains. The full
theory is restricted to distances from the wall smaller than
the free chain radius. Here we give a simplified version of
the theory that does not consider the free chains. This
simplified theory is valid at distances from the wall smaller
than the adsorbed layer thickness A, where the free chain
concentration can be neglected.

In contrast to the standard ground state dominance ap-
proximation, two order parameters, ¢(z) and y(z), are intro-
duced. The former, ¢(2), is related to the partition function of
a nonadsorbed chain, whereas the latter, y(z), is related to
the partition function of an adsorbed chain. We represent the
monomer/wall interaction by a localized Dirac 6 potential; the
eigenstate expansion of the partition functions then involves
one bound state and a continuum of free states.

The partition function of an adsorbed chain is dominated
by the bound state of energy —e provided €N > 1. The order
parameter v is related to the partition function of an adsorbed
chain with one end at position z via:

Z,(2) = exp(eN)y(2) [ w(z') dz

(as in the standard ground state approximation).

The order parameter ¢ is the Laplace transform of the
partition function of a free chain Zs..(z,n) with respect to chain
length:

72 = [ Zireol2,n) eXP(—en) dn

It is defined so that the statistical weight of all the adsorbed
configurations with a tail monomer located at z: /)Z, (N —
N,z)Zsee(z,n) dn is proportional to the product y¢. The order
parameter ¢ describes a tail section dangling beyond z.

The order parameters are normalized so that the concentra-
tion of loop monomers c(z) is ¢i(z) = y(2)?, that of tail monomers
is then c«(z) = By(2)¢(z), and the end point density of adsorbed
chains is c.(z) = Bwy(z). The normalization constant B is
obtained from the conservation of the end points. For mod-
erately concentrated solutions (with bulk concentration ¢o <
¢2), the adsorbance I' is dominated by the small loops (and is
essentially independent of chain length); this fixes B from

B ["y(z) dz' = 2I/N (1.1)

The energy ¢ of the bound state is fixed by balancing the
chemical potentials of adsorbed and free chains. When the
absorbance is dominated by the (short) loops:

1 r?

e=<log ———— (11.2)
$o( [ v(@) dz')?

N

The equations governing the order parameters ¢ and y are
derived from Edwards?! Schroedinger-like equation for the
partition functions of adsorbed and free chains:

2 42
~2 Y L @) + v (11.3)

0:
6 dz

2 42
U@ + as@

where the molecular potential is linear in the local concentra-
tion U(z) = yy + By — ¢o, the excluded volume parameter
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being taken as unity. The order parameter equations are
supplemented by the boundary conditions:

1dp _ 1
y dz'™v D

¢ly=0 (11.4)
limy(z)=0

where the adsorption length D is imposed by the adsorption
strength. The solution of these equations is briefly discussed
in section Il1l. We next describe the numerical mean-field
calculation performed by Van der Linden et al. using the
Scheutjens and Fleer method.

2. Numerical Mean-Field Theory. The theory of
Scheutjens and Fleer is a lattice theory: Each polymer
segment or solvent molecule is assumed to occupy exactly one
lattice site. We use a simple cubic lattice, in which each lattice
site has six neighbors. The lattice constant a is chosen to be
unity for simplicity. Upon adsorption, a volume fraction profile
{¢(2)} develops perpendicular to the surface. All inhomoge-
neities parallel to the surface are neglected. The surface is
located at z = 0, adsorption takes place at z = 1, the layer
adjacent to the surface, and the bulk solution is far away from
the surface at z = M, where M is a large number. The
dimensionless potential energy U(z) that a polymer segment
in an athermal solvent feels in layer z is written as

U(z) = —x0,, T U'(2) (11.5)

Here, U'(2) is the “space-filling potential”, essentially a Lagrange
multiplier ensuring that the lattice is completely filled. The
Silberberg adsorption energy parameter for the polymer/
solvent pair on the surface is ys; the Kronecker 61, ensures
that the adsorption energy is only felt by segments on the
surface.

The solvent molecules occupy exactly one lattice site and
are distributed in the system according to Boltzmann’s law:

0y(2) = dg e (11.6)

where ¢s0 = 1 — ¢ is the solvent bulk volume fraction. The
exponential factor in eq 11.6 is called the free segment-
weighting factor G(z):

G(z)=e V@ (11.7)

In placing polymers on a lattice, we have to keep in mind
that the segments are connected. If segment number s is in
layer z, segment s + 1 has to be either in layer z — 1, layer z,
or layer z + 1. The statistical weight of a segment number s
of the polymer to be in layer z, given that the first segment is
free to distribute analogously to eq 11.6, is called the end
segment distribution function (edf) G(z,s|1). Analogously, we
can define the edf starting from the other end N, G(z,s|N). The
edf of segment s can be obtained from the edf of the preceding
one according to a recurrence relation:

G(z,s|1) =
G(z—1s—1/1) +4G(zs — 1]1) + G(z+ 1,5 — 1]1)
G(2)
6
G(z,8|N) =
G(z — 1,5+ 1|N) + 4G(z,s + 1|N) + G(z + 1,5 + 1|N)
G(@2) 5

(11.8)

The end points do not have a preceding segment, so their
edf's are simply equal to the corresponding free segment
weighting factor: G(z,N|N) = G(z,1|1) = G(z). Combining the
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two ends and summing over all segments, we arrive at the
volume fraction profile of the polymer:

$o__G(z,51)G(z,s|N)

=—)— 11.9
¢(2) NZ @ (1.9)

The division by G(z) is necessary to correct for the double
counting of segment s, and ¢o/N is the proper normalization.
Equation 11.9 is known as the composition law: It relates the
volume fraction profile {¢(z)} to the potential profile {U(z)}.
Equation 11.6 relates the potential profile to the volume
fraction profile. The set of coupled equations is solved numeri-
cally under the constraint that the sum of the volume fractions
of polymer and solvent equals one, i.e., the lattice is completely
filled. The result is the self-consistent solution.

I11. Explicit Mean-Field Solutions

1. Dilute Regime. When the bulk solution is dilute,
the bulk concentration ¢o can be neglected in the
molecular potential U. Three regions can then be
distinguished in the layer: (i) the proximal region
closest to the wall within a distance D, comparable to
the monomer size in the limit of strong adsorption, (ii)
the central region in the intermediate range (D <z < 1
= ¢ 12) where the concentration is high and thus U
dominates over ¢, and (iii) the distal region (z > 1) where
€ dominates over U.

The order parameter equations can be written in a
dimensionless form as

dyp
Oz_d—§2+(u+€)1/)

2~
@ ~
1:_d_§2+(u+6)¢ (r.1)
with U = ¢y + @. The natural unit length is
_ il 1/3
| = @(B) (111.2)
and the reduced variables are defined as
-2
c=a, 50 = T, 50) = (@) %),
2 2
uE) = (@) U(@z), ¢ = (@) € (111.3)

In the central region ¢ is negligible compared to U.
Closer to the wall (z < 1) the loop contribution dominates
over the tail contribution, and we find the following
asymptotic behavior:

a

' m

@ = ézz log(-) (111.4)

z

a

v = 3z

Further away from the wall (z > I), the tail contribution
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Figure 1. Crossover behavior around z*. The reduced loop
(I) and tail (t) concentrations (see text) are plotted against z/I.
The loop concentration decays monotonically from the wall.

dominates over the loop contribution, and inside the
central regime (A > z > 1):

_ 10a*

Bz

1.

¢=—7 (111.5)
3a°
10a?
U@z) =

3z2°

The large crossover between the two asymptotic behav-
iors has been obtained by numerical solution of eq 111.1
and is shown in Figure 1. The concentrations of
monomers belonging to loops and tails cross at a
distance z* = 1.43l from the wall, whereas the loop
contribution reaches its maximum at z = 1.291.

The asymptotic analysis allows for the calculation of
B and ¢. From eqgs I1.1 and 11.2 we obtain with a
logarithmic accuracy:

- a 1 (ND\/E 13 | Na\\3
_%31/321/2\ a 0g D2

=1
N

€ log

2
¢:D2) (111.6)

In the distal regime, the tail contribution still domi-
nates, but the potential U is negligible compared to e.
In this regime the natural unit length is

A= %{1’2 (111.7)

and the concentration of adsorbed polymer decays
exponentially:

~L2an
w—Be exp —(z/4)

_1
¢ €

(111.8)
C, = € exp —(z/A)

¢ = §€4 exp —(2z/4)

In the crossover region between the central and the
distal regime (z > 1), the loop contribution to the
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Figure 2. Crossover behavior around A. The reduced loop
contribution (1), ¢ = B2A8C,, and tail contribution (t), ¢ B2A%C;,
are plotted against z/A.
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Figure 3. Reduced loop and tail contributions (see text) for
finite & € = 0.64 and 1 (dashed line).

molecular potential U is negligible. Choosing 4 as a unit
length rather than I, the concentration of loops and tails
follows a universal master curve in the crossover region
plotted in Figure 2.

At distances from the wall larger than A, the free
chains cannot be neglected. (We do not want to discuss
free chain penetration in details here.) As shown
elsewhere,!! a weak minimum in the total concentration
is expected at a distance =R?/A. This depletion hole may
play an important role in reflectivity experiments.22

To distinguish between a central regime with a
characteristic lengths scale | and a distal regime with
a characteristic length scale 4, these two length scales
must be well separated. This is not always the case:
In Figure 3 we show the solution of eq Ill.1 for
nonvanishing values of €.

In the limit of infinite chain length, 4 is always much
larger than I. Nevertheless A/l only increases as a power
/¢ of the mass so that for finite masses the prefactors
become important: They depend on both the bulk
concentration and the adsorption strength. Upon de-
creasing the bulk concentrations, A decreases and for
weak bulk concentrations:

_1.5( N/D> )1/3
(log(N/D?))?

A becomes much smaller than | and the tail concentra-
tion dominates only in the distal region. Note that for
infinitely long chains, this requires a concentration
exponentially weak in the molecular weight. This we
call the starved regime. The tail contribution to U is
dominated either by the loop contribution (close to the
wall for z < 1) or by € (further from the wall) and is

2
o=
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Figure 4. Plot of the reduced loop and tail contributions
sinh=2(X) and F(X)/sinh(X) in the starved regime.

thus negligible everywhere. In this regime the order
parameter eq 11.3 can be integrated analytically in a
closed form. The loop contribution to the concentration
y? is the same as in the usual ground state dominance
approximation:

Y= 4
V34 sinh(z/4 + b)

(111.9)

with coth(b) = A/D. Nevertheless the concentration far
from the wall (z > A) is dominated by the tail contribu-
tion, and its exponential decay length is 2 times that
obtained from the usual y? given by eq I111.9. The order
parameter ¢ reads

2
¢ =3LFG@n + )
a

_ 1 X !
sinh(X)f0 sinh(X")
(cosh(X) — X/sinh(X)) log(coth(X/2)) (111.10)

F(X)=1 dx' +

For simplicity the integration constants in F(X) cor-
respond to the case b = 0, and the finite value of b can
be taken into account by a translation of the argument
X — X + b with an accuracy 1/N. Therefore the explicit
loop and tail contributions to the concentration

2

=y

. —2 cothb—1 F(z/Ai+b)
Y N log coth(b/2) sinh(z/A + b)

(111.11)

The reduced loop contribution sinh(X)~2 and tail con-
tribution F(X)/sinh(X) are plotted in Figure 4. Many of
the experimental results are expected to belong to the
starved regime because (N/log(N)2)13 is usually not a
large number.

2. Semidilute Regime (¢o > 1/N). The semidilute
bulk solution is characterized by the correlation length
of the concentration fluctuations,? in the mean-field
approach:

a2

g2== 11.12

3y ( )
The bulk correlation length & becomes smaller than the
concentration independent crossover length I, eq 111.2
for concentrations larger than ¢; =~ (DN)~23, A detailed
analysis of the order parameter eq 11.3 shows that for

¢o > ¢1, the distance z* at which the loop and the tail

Interpretation of Self-Consistent Field Results 3633
contribution cross is increasing with concentration:

z* = N ¢,D (111.13)
Strictly speaking eq 111.3 and the corresponding expres-
sion for z* apply at a concentration defined by € = ¢o
that is close to the overlap concentration. It is only
approximate over the whole dilute regime. A more
careful analysis shows that z* is decreasing when the
concentration is increasing from zero, as can be checked
in the starved regime; z* is thus predicted to go through
a minimum.

At concentrations larger than ¢, = (D2N)~%2, the
adsorption becomes weak in the sense that the bound
state does not dominate the partition function of a chain
with its end close to the wall (Ne < 1). The above order
parameter equations are only valid for distances much
smaller than the chain radius R where the loops are
dominant. The concentration profiles are obtained in
two steps: We first determine the concentration profile
for N — o« and then calculate finite size corrections.

The standard ground state dominance approximation
is valid for z < R:

— Z
W= \bo coth(g + b)
¢, = y? (111.14)

with sinh(2b) = 2D/5. For z < R the order parameter
eq 11.3 links ¢ to vy, the latter being given by (111.14).
In the crossover region (z = &), 1 is negligible on the
right-hand side of the equation for the order parameter
@. This gives

1
Y@

p(z) = cst > dz'

so that:

f(z/E + b) — f(b)
1 - f(b)

f(x) = coth(x) — 1/x

¢, = cstz coth(z/& + b)

On the other hand, for large z, z > R, the potential U is
localized in the adsorption layer and can be taken into
account by a reflecting boundary condition at the wall:

¢, = 4¢i’erfc(z/R)
¢, = 8¢, (i%erfc(z/2R) — i’erfc(z/R))

where i%rfc(x) is a repeated integral of the error
function defined in ref 24. Matching these results with
those for short distances (z < R) gives the loop and tail
contributions for all distances:

¢, = 4dyilerfe(z/R) cothz(é + b)
¢, = (8¢y(i%erfc(z/2R) — i%erfc(z/R))) x
f(z/& + b) — f(b)

coth(z/& + b) 1= 1)

(111.15)

The study of the finite size corrections, done in ref
11, shows that the total concentration presents weak
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Figure 5. Loop and tail concentrations for N = 100 000 and
xs = 0.25 from the numerical work. The loop contribution
decays monotonically from the wall; the dashed line represents
the total concentration built up by the adsorbed chains.

oscillations. The first minimum is located at z = £ log-
(DR#/£%) and the first maximum at z = 3.5R.

More generally, a depletion hole is also predicted
throughout the semidilute regime. The depletion effect
is maximum for bulk concentrations slightly higher than
the overlap concentration (1/N < ¢o < €). At higher
concentrations the minimum is located around z = A.

IV. Interpretation of the Numerical Mean-Field
Results

The so-called Scheutjens and Fleer self-consistent
mean-field theory leads to detailed numerical results
for the loop and tail contributions to the adsorption
profiles. We use here the results obtained by Van der
Linden from the Scheutjens and Fleer method at bulk
concentration ¢o = 0.01 and 1077, for chain lengths
ranging from 500 to 100 000, and surface Flory param-
eters ys = 1 or 0.25. These results are compared
quantitatively with the analytical results (summarized
in section I11) in the various concentration regimes.

1. Starved Regime. The numerical results for N
= 100 000, ¢p = 1077, and ys = 0.25 are presented in
Figure 5. From the exponential decay at large dis-
tances, we obtain the size of the adsorbed layer 1 = 36a,
where a is the lattice constant. From eq I11.7, we obtain
€ = 14 x 1075, The tail contribution to the molecular
potential U is never dominant; this corresponds to a
starved adsorption.

The loop concentration can be fitted to eq 111.11 with
A=36aandb=0.1. This corresponds to D = A tanh(b)
= 3.6a. The values of D, ¢, N, and A are then consistent
with eq 111.7.%5

It is more difficult to relate the value of b to the value
of xs in the Scheutjens and Fleer lattice theory. A naive
transposition leads to D = a/[6(ys — xsc)]- The Dutch
group usually assumes that the adsorption threshold
¥sc IS given by the entropic contribution?® y; = log(6/5)
= 0.18. This would lead to the value D = 2.5a. The
concentration profiles closest to the wall depend upon
the very detail of both the chain structure and the
monomer/wall interaction. These are ignored by our
continuous model that only applies for fairly dilute
layers at distances from the wall larger than the actual
monomer/wall interaction range.

The loop and tail concentrations for N = 100 000, ¢o
=107, and b = 0.1 computed from eq 111.11, are plotted
on Figure 6; the points are the numerical results from
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Figure 6. Fitof the numerical concentrations for N = 100 000,
%s = 0.25, and ¢o = 1077 by the analytical results in the starved
regime (b = 0.1).
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10 T T T 1
10° 10* 10° 108
N

Figure 7. Plot of z* versus N in log/log scale for fixed dilute
bulk concentration (s = 1, ¢o = 1077). The slope is very close
to 1/3.

the Scheutjens and Fleer calculation. The analytical
results are accurate for z < R = 130a, as expected.

2. Dilute Regime. We now consider a set of nu-
merical results for various chain lengths N = 1000—
100 000 with a strong adsorption enthalpy ys = 1 and
dilute bulk solutions ¢o = 10~7. The cut-off length 1 is,
in this case, never much larger than I. We nevertheless
expect z* to be proportional to N¥3. This is checked in
the log/log plot displayed in Figure 7. The logarithmic
factor of eqgs 111.2 and 11.2 has a too weak variation to
be observed here. The prefactor is however rather
consistent; for the typical example below, the analytics
give z* = 29a (where the factors D/a of only weak
influence on the results have been discarded), whereas
the numerics give the close value z* = 26a.

A typical case is N = 40 000, ¢o = 1077, and ys = 1.
From the Scheutjens and Fleer results, we find z* =
26a, A = 23a, and z*/A = 1.13. The reduced concentra-
tion profiles (cyz*2 versus z/z*) corresponding to the
same z*/A ratio obtained from eq Il11.1 are plotted on
Figure 8 together with the numerical points. The
agreement is good up to the radius of gyration R. The
profiles are computed for D = 0. The finite adsorption
strength should be accounted for by the proper boundary
conditions or approximated by a shift of z—z + D along
the z-axis. This only matters very close to the wall
where the agreement is indeed worse.

All the numerical profiles show a depletion hole in
the total concentration. The location zy, of the (shal-
low) minimum is plotted in Figure 9 for various chain
lengths at fixed concentration (¢o = 1077). As expected
the location of the minimum zn,, increases linearly with
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Figure 8. Fit of numerical results for N = 40 000, ys = 1,
and ¢o = 1077 by the analytical laws in the dilute regime for
z*/A = 1.13. The loop (I) and tail (t) contributions are
represented, and data points correspond to the numerics. The
loop contribution decays monotonically from the wall.
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Figure 9. Depletion hole location in the dilute regime versus
gyration radius.

the free chain radius R = R?/4 at fixed bulk concentra-
tion. The limit zmin > R is however not reached.

3. Semidilute Regime. For increasing bulk con-
centrations, z* becomes concentration dependent as
shown in Figure 10 from the Dutch group’s results.
Consistently with the analytical results, z* goes through
a minimum and increases linearly at higher concentra-
tions before reaching a high concentration plateau.
From the numerics, the location of the minimum seems
to be proportional to 1/N (see Figure 10). The concen-
tration regimes are not well separated in practice, and
a more detailed comparison is uneasy.

We now consider strongly adsorbing, long chains N
= 40 000 and ys = 1 in a rather concentrated solution
of ¢o = 0.01. The numerical results show that the
adsorbance is not dominated by the short loops, but the
limit ¢ > ¢ is not reached. The analytical solution of
eq I11.15 is plotted together with the Scheutjens and
Fleer results in Figure 11. The agreement is not quite
as good. This is probably due to the fact that large loops
and tails do not strongly dominate the adsorbance so
that the bound state still has some importance.

In the numerical profiles, the depletion effect is never
very pronounced. Nevertheless after a linear increase
with € at low ¢, the depth of the depletion hole goes
through a maximum at € = ¢, as seen in Figure 12.
The location zmi, of the depletion hole increases linearly
with 1 as expected.

V. Beyond Mean Field

1. Extension of the Order Parameter Approach.
It is appealing to extend the order parameter approach
to obtain scaling laws for the polymer swollen in a good
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Figure 10. Length z* at finite concentration: (a) crossover
length z* versus ¢o plot (from the numerics for N = 40 000),
(b) crossover length z* versus ¢o semilogarithmic plot enhanc-
ing the dilute regime (from the numerics for N = 40 000), and
(c) location of the minimum in parts a and b, plotted against
chain length (from the numerics).

solvent. We propose an oversimplified approach that
preserves the structure of Edwards equation. In a
semidilute bulk solution, the overall chain statistics are
Gaussian, and one merely has to account for a local
swelling of the chain at the scale of the correlation
length. For weak concentration modulations, the energy
of a chain configuration r(s) is evaluated as:27:28

L= LN[¢1/4(%)2 + u] ds (V.1)

where the potential U is linked to the local concentration
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Figure 11. Fit of the numerical work for N = 40 000, s = 1,
and ¢o = 1072, by the analytical results for ¢o > ¢.. The loop
(I) concentration (decaying from the wall), the tail concentra-
tion (t), and the total concentration of adsorbed polymer are
represented. Data points correspond to the numerical work.
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Figure 12. Depletion hole at finite concentration (¢o = 0.01):
(a) total concentration profile (N = 500, ys = 1, ¢o = 0.01)
showing the depletion hole and (b) relative depth of the
depletion hole versus 1/N log 1/¢o. The latter is of order ¢
around the maximum.

¢ through

with C a constant (or order unity) that can be deter-
mined from the structure factor of a semidilute
solution.?®=31 Strictly speaking eq V.1 assumes weak
concentration modulations at the scale of the local
correlation length. These are rather of order 1 in the
strong adsorption limit where the results can thus not
be expected to be very accurate. The first term in eq
V.1 has the standard Gaussian form after the change
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of coordinates,?” dR = ¢¥8 dr. The prescribed L does
not couple the space directions. For the adsorption

problem, it is enough to consider the coordinate z normal
to the wall:

L= jé“[(‘é—i)z + u] ds (V.2)

The chain propagator follows then Edwards equation:

G _ a’9’G 5/4
95~ 6 a9z + Co™"G (V.3)
It is then possible to repeat the mean-field calculation
of section I1l. The order parameter equations then read
eq 11.3:
a® 0%y 54 504
0——§§+(C(¢ —¢g ) T Y
_ iy

1= +(C™M - )+ g (V.4

6 572

where the local concentration ¢ is linked to the order
parameters through
2 dz
=N + = —
¢ =Nyv +guv| g
with N a normalization constant relating the concentra-
tion and the statistical weight of the configurations.
Here, we only describe the central regime in the dilute
case to illustrate the method. As in section 111, the order

parameter equations can be written in reduced form (eq
I11.1). This introduces the natural units:

12 = a—ZC_7’27N_1°’27(N/2)2°’27
6

¢* = 6L%a? (V.5)
y* = 12L%/Na’

Close to the wall (z < 1), the concentration is dominated
by the loops and

U=AZ?2

with

G=—x =1 (V.6)

_ 2,125 455—9/10 _ _—3i4
¢, = SN"PAZ 0 = 7

1 o3
Ct = NZ

Further away from the wall (z > 1), the concentration
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is dominated by the tails and
U=A,Z"
with

2
_a“ 374
A= 25
o =z " (V.7)

c = l(%)%z—l% ~73

with
K=A, —a’3

43
C,=12

From the asymptotics we determine the normalization
constant N (N = N~14), wherefrom:

12
=N

Finally the prefactor of the z=#3 power law is found to
be larger by a factor of 5.4 when z > | than when z < I.
2. Scaling Results. We have constructed scaling
laws for the partition functions and therefore for the
relevant concentrations in all bulk concentration re-
gimes.! Here we only recall the results for the central
regime in order to compare with those of previous
subsection V.1. Close to the wall (z < | = NY(d-D):

C| ~ Zl/v—d

c, ~ l(é)fﬂ " (V.8)

whereas for z > | = NY(d-1),
¢ = N(y+vd)/v(d—l)z(—2vd+l—ylv)
1
C.=—

e
Zd

(V.9)

~ lv—d
Ci,=12

These scaling laws agree with the mean-field asymp-
toticsegs I11.4 and l11.5 for v =15, d=4,and y = 1, as
they should.

A comparison between egs V.6 and V.7 and egs V.8
and V.9 shows that the proposed extension of the order
parameter approach gives exponents close or equal to
the excluded volume exponents. In fact eq V.1 is
constructed with the only exponent v (approximated by
the Flory value 3/5). The resulting theory properly
accounts for v and d in the various exponents but
consistently replaces the susceptibility exponent y close
to 1.16 by the unphysical value 0.9. This merely affects
the end distribution close to the wall. Although we are
aware of its weaknesses, we expect that this approach
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leads to improved numerical prefactors (e.g., the am-
plitude ratio Aj/A)) with respect to mean field.

VI. Conclusion

In a recent paper we have studied theoretically the
adsorption of a neutral homopolymer onto a flat surface
within the framework of a mean-field model with two
order parameters. In the present paper we present an
explicit comparison between numerical mean-field re-
sults from the so-called Scheutjens and Fleer theory and
the analytical mean-field results obtained from the order
parameter approach. We show that the numerical
results of the Scheutjens and Fleer calculation, which
have been known now for some timeZ3109 can be
guantitatively explained by the mean-field theory with
two order parameters.!’! Furthermore, both previous
scaling arguments!®15 and an extension of the analytical
theory show that a similar picture holds qualitatively
for self-avoiding polymer chains. The analytical theory
introduces five length scales: D, &, z*, 4, and R. D is
the so-called adsorption length and depends only on the
adsorption strength. & is the bulk correlation length
(only defined for semidilute bulk solutions). z* is the
distance from the wall where tail monomers start to
dominate over loop monomers. A is the thickness of the
adsorbed polymer layer. R is the radius of gyration of
the polymer chain. For infinitely long chains, several
regimes can be defined depending on the relative
magnitude of these length scales. The numerical results
have been obtained over a wide range of parameters.

We have checked the dependence of the characteristic
length scales on the relevant parameters (N, ¢o). The
numerical loop and tail contributions show a good
agreement with the analytical results. The location and
depth of the depletion hole in the total concentration
(including free chains) also compare well with the
theoretical predictions. In all cases the agreement is
good, and the analytical approach explains the numer-
ical data. Nevertheless, the true asymptotic regime of
infinitely long chains is never reached in the numerical
work (and maybe in experiments). As an example, the
adsorbance T is predicted to go through a maximum as
a function of chain length and to decrease for very long
chains.’! This decrease is not observed in the numerical
data. Many numerical data are obtained for moderately
long chains (N = 1000) and rather correspond to starved
adsorption.

In the order parameter theory, the free energy density
is approximated by the second virial expansion; it is
inaccurate for densities close to that of the melt as
encountered at the wall in cases of very strong adsorp-
tion where the relevance of equilibrium theory is
guestionable anyhow. In the continuous theory the
interaction between a monomer and the wall is only
taken into account by a boundary condition, and it is
valid at distances much larger than the actual wall/
monomer potential width; this makes detailed compari-
son with the numerical lattice theory difficult closest
to the wall.

We also have proposed a simplified extension of the
order parameter theory to account for excluded volume
statistics. This theory allows to determine explicit
concentration profiles. A comparison of the obtained
asymptotic behaviors with the known scaling laws!>1!
shows that the exponents are rather accurate or even
exact. Only the exponents depending upon the suscep-
tibility exponent y close to 1.16 (not entering the
(oversimplified) extended order parameter theory) are
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not exact, and y is systematically replaced by the
unphysical value 0.9.

At this point, numerical simulations of adsorbing
chains swollen in a good solvent would be of major
interest. As far as we are aware of, there are no
numerical results published on the adsorption of self-
avoiding chains at finite concentration, but simulations
by Sommer are in progress.32
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